Abstract-Transmit beamforming with receive combining is a simple method for exploiting the significant diversity provided by multiple-input multiple-output (MIMO) systems, and the use of orthogonal frequency division multiplexing (OFDM) enables low complexity implementation of this scheme over frequency selective MIMO channels. This paper proposes a beamforming technique that reduces feedback requirements for optimal beamforming. In the proposed architecture, the receiver sends back quantized versions of select beamforming vectors and the transmitter reconstructs the missing beamforming vectors through interpolation. Since a beamforming vector is phase invariant and has unit norm, a new spherical linear interpolator is proposed that exploits additional parameters for phase rotation. These parameters are determined at the receiver in the sense of maximizing the minimum channel gain or capacity, and sent back to the transmitter along with the quantized beamforming vectors. Simulation results show that the proposed beamforming method requires much less feedback information than optimal beamforming with only slight diversity loss.
I. INTRODUCTION
In multiple-input multiple-output (MIMO) wireless systems, antenna diversity has attracted significant interest as a means to mitigate signal-level fluctuations by fading [1] - [4] . In narrowband Rayleigh matrix channels, MIMO systems can provide a diversity in proportion to the product of the number of transmit and receive antennas. Diversity can be obtained by using space-time codes [1] - [3] or through the use of channel state information (CSI) at the transmitter [4] - [9] . Transmit beamforming and receiver combining is a simple approach to achieve the full diversity order as well as additional array gain [4] - [6] , thus it significantly improves system performance. This approach, however, requires the knowledge about the transmit beamforming vector at the transmitter. In nonreciprocal channels, this necessitates that the receiver sends back the CSI in the form of the beamforming vector through a feedback channel with limited rate.
Beamforming and combining techniques proposed for narrowband channels can be easily extended to frequency selective MIMO channels by employing orthogonal frequency division multiplexing (OFDM). In a MIMO-OFDM system, a broadband MIMO channel is converted into multiple narrowband MIMO channels corresponding to OFDM subcarriers [10], [11] . Transmit beamforming with receive combining can be performed independently for each subcarrier of MIMO-OFDM [12] . In non-reciprocal channels, the MIMO-OFDM receiver computes the optimal beamforming vector for each OFDM subcarrier and sends them back to the transmitter. To transmit beamforming vectors through a feedback channel with limited data rate, we can quantize each beamforming vector using a codebook designed for narrowband MIMO channels (see e.g., [13] - [16] ). The feedback requirements, though, still increase in proportion to the number of subcarriers.
To reduce the feedback requirements of MIMO-OFDM, this paper proposes a new beamforming technique that sends back only a fraction of beamforming vectors combined with intelligent interpolation of beamforming vectors to the transmitter. In OFDM, the number of subcarriers is generally much greater than the maximum length of time domain channel impulse response, and thus neighboring subchannels are significantly correlated. Since a beamforming vector is determined by the corresponding subchannel matrix, the beamforming vectors for neighboring subchannels are also substantially correlated. Using the correlation between beamforming vectors, the receiver selects a fraction of subcarriers and finds the optimal quantized beamforming vectors for the selected subcarriers using a codebook. The receiver sends back the indices of the beamforming vectors to the transmitter, and the transmitter evaluates the beamforming vectors for all OFDM subcarriers through interpolation. Since the beamforming vectors have unit norm by the transmit power constraint, it is natural to introduce spherical interpolators in [17] - [19] . Unfortunately, it is not easy to directly use the spherical interpolation algorithms to interpolate beamforming vectors, because the optimal beamforming vector is not unique.
In this paper, we propose a new spherical linear interpolator through some modification of the interpolator in [19] . Considering the nonuniqueness of the beamforming vectors, the proposed interpolator employs a new parameter for phase rotation. The phase parameter denoted as e jθ is optimized at the receiver in the sense of maximizing the minimum channel gain or capacity. We define a cost function based on the channel gain or capacity, however it is not trivial to fine the optimal phase from the cost function. Since we require only the quantized value of θ, we determine the best θ through a numerical grid search. The phase θ is sent back to the transmitter along with the information about the beamforming vectors. It is shown through computer simulations that the proposed beamforming method requires much less feedback information than ideal beamforming with feedback for all the OFDM subcarriers at the cost of slight diversity gain loss. Compared with prior work that deals with unquantized partial channel information [12] , our approach focuses on methods for reducing feedback requirements by subsampling in frequency and quantizing separately the optimal beamforming vectors computed from the instantaneous channel state. This paper is organized as follows. Section II reviews MIMO-OFDM communication with beamforming and combining. The proposed beamforming scheme is presented in Section III. We compare the proposed method with existing diversity techniques in terms of bit error rate (BER) and capacity in Section IV. Finally, we provide some conclusions in Section V.
II. SYSTEM OVERVIEW
A MIMO-OFDM system with transmit beamforming and receive combining, using M t transmit antennas, M r receive antennas, and N subcarriers, is illustrated in Fig. 1 . At the transmitter, the k-th subcarrier modulates the symbol s(k) using the beamforming vector
T . Assuming the sampled impulse response of the channel is shorter than the cyclic prefix (CP), the channel for the kth subcarrier after the DFT can be described by a M r -by-M t channel matrix H(k) whose entries represent the channel gains experienced by subcarrier k. After processing with the combining vector
T , the combined signal at subcarrier k can be expressed as
where n(k) is the M r -dimensional noise vector whose entries have the independent and identically distributed (i.i.d.) complex Gaussian distribution with zero mean and variance N 0 . We assume that the power is allocated equally across all subcarriers thus E[|s(k)| 2 ] = E s is a constant and w(k) = 1 (where (·) means 2-norm of (·)) to maintain the overall power constraint.
The signal model in (1) is identical to that of a narrowband MIMO system, thus w(k) and z(k) can be chosen to maximize the signal to noise ratio (SNR) using similar results on beamforming and combining for narrowband MIMO systems [4] , [6] . Without loss of generality, we can fix z(k) = 1. Then the signal to noise ratio (SNR) for subcarrier k can be written as
where
In the MIMO-OFDM system under consideration, w(k) and z(k) are designed based on H(k) to maximize the SNR for each subcarrier k. Given w(k), it is possible to show that the SNR maximizing solution uses maximum ratio combining (MRC) with
At the transmitter, we can use the maximum ratio transmission (MRT) that uses the unconstrained beamforming vector w(k) that maximizes the effective channel gain Γ(k) given z(k).
With MRT and MRC, w(k) is simply the right singular vector of H(k) corresponding to the largest singular vector of H(k) [6] , [9] . The MRT/MRC scheme obtains full diversity order in Rayleigh fading channels as well as the full array gain available [4] - [6] . Unfortunately, this improved performance comes at the expense of knowledge of the beamforming vectors
The extensive feedback required for the optimal MRT/MRC solution motivates developing new methods that achieve near maximum SNR performance but with more realistic feedback requirements.
III. INTERPOLATION BASED BEAMFORMING FOR MIMO-OFDM
To reduce the feedback information for MIMO-OFDM, we propose a new approach to transmit beamforming that combines subsampling of the beamforming vectors at the receiver and beamformer interpolation at the transmitter. We introduce a new beamformer interpolator based on a spherical linear interpolator but with an additional parameters for phase rotation, which takes the invariance of the optimal beamforming vectors into account. We optimize the phase rotation parameters in the sense of maximizing the minimum effective channel gain or mutual information. Finally, we describe how to combine this approach with quantization to limit the feedback required.
A. Proposed Interpolation Based Beamforming Method
In OFDM, the CP length is designed to be much less than the number of subcarriers to increase spectral efficiency (see e.g., [20] , [21] ), and thus the neighboring subchannels are significantly correlated. This results in high correlation between neighboring beamforming vectors because a beamforming vector is determined by the corresponding subchannel matrix.
A simple beamforming method for using the correlation of the beamforming vectors is to combine the neighboring subcarriers into a cluster and use the beamforming vector corresponding to the center subcarrier in the cluster. This method will be referred to as clustering 1 . Suppose that N is divided by the subsampling rate K. If we combines K subcarriers into one cluster, the amount of feedback information is reduced to 1/K. As the cluster size K increases, however, the beamforming performance is significantly degraded because of the distortion experienced by subcarriers near the cluster boundary. This limits the cluster size K and consequently the reduction of feedback information is restricted. As an alternative, we consider an interpolation based beamforming method that sends back a part of beamforming vectors and computes the beamforming vectors for all subcarriers through interpolation. The receiver subsamples the subcarriers, i.e. selects a fraction of OFDM subcarriers, and finds the beamforming vectors for the selected subcarriers under the assumption that MRC is used at the receiver.
Unfortunately, conventional interpolation is not suitable for beamformer interpolation because it does not preserve the unit norm constraint on w(k). An alternative approach is to exploit the spherical interpolation algorithms in [17] - [19] that will naturally enforce the unit norm constraint. Unfortunately, these algorithms cannot be directly applied to our approach for the following reason. Recall the effective channel gain Γ(k) = H(k)w(k) 2 in (2). When w(k) is the optimal beamforming vector maximizing the effective channel gain, e jφ w(k) also maximizes the effective channel gain. In other words, the optimal beamforming vector is not a unique point on the unit sphere but represents a complex line. As a consequence, algorithms that are used to compute the optimal beamforming vector, e.g. the singular value decomposition, typically choose the phase to force the first coefficient of each w(k) to be real. The phase, however, has a dramatic impact on the resulting interpolated vectors. This makes it difficult to directly apply the spherical interpolation algorithms to the interpolation of beamforming vectors.
To solve this problem, we propose a new algorithm through modification of the interpolater in [19] . This interpolator performs a weighted average of the beamforming vectors and renormalizes the result to place it on the unit sphere. Given {w(lK + 1), 0 ≤ l ≤ N/K − 1}, the proposed interpolator is expressed aŝ
where c k = (k −1)/K is the linear weight value, w(N +1) = w(1), 1 ≤ k ≤ K, θ l is a parameter for phase rotation with (1) ). While the spherical linear interpolator in [19] only utilizes w(lK + 1) and w((l + 1)K + 1), the proposed interpolator evaluates the beamforming vector from w(lK + 1) and e jθ l w((l + 1)K + 1). Essentially the role of θ l is to remove the distortion caused by the arbitrary phase rotation of the optimal beamforming vectors.
To maximize the performance of the interpolator, the receiver evaluates the optimal phase {θ l , 0 ≤ l ≤ N/K − 1} based on a performance metric, and conveys {θ l } along with the indices of the selected beamforming vectors {w(lK + 1), 0 ≤ l ≤ N/K − 1} to the transmitter. At the transmitter, the beamforming vectors for all the subcarriers are computed by (4) . The feedback of {θ l } slightly increases the amount of feedback information compared to the clustering, yet the proposed interpolation can significantly improve performance as shown in Section IV.
B. Phase Optimization for the Proposed Interpolator
Suppose that the channel matrices {H(k), 1 ≤ k ≤ N } are known to the receiver. Given the subsampling rate K and the codebook W, the receiver calculates the quantized beamforming vectors {w(lK + 1), 0 ≤ l ≤ N/K − 1}. In this subsection, we define a cost function to find the optimal {θ l } in the sense of maximizing the minimum effective channel gain or capacity. Ideally, {θ l } would be determined to minimize the average BER performance. This criterion, however, makes it complicated to define the cost function with respect to θ l especially when modulation, coding, and interleaving are taken into account. Instead, we propose to find {θ l } by maximizing the minimum of the effective channel gains for all subcarriers. We find through simulations that this criterion tends to decrease the average BER.
In (4), θ l is only used for computing {ŵ(lK + k), 1 ≤ k ≤ K}, and thus the optimal θ l maximizing the minimum effective channel gain can be found by
Due to the normalization factor in w(lK + k; θ), it is not easy to get a closed-form solution for (5). Since we are quantizing θ l , it is natural to use a numerical grid search to find the best θ l . By modifying (5), we get
and P is the number of quantized levels which determines the performance and complexity of the search. Given θ, finding the minimum effective channel gain requires the computation of { H(lK + k)ŵ(lK+k; θ) 2 for 1 ≤ k ≤ K. In general,ŵ(lK+K/2+1) suffers from the largest distortion induced by interpolation, because the subcarrier (lK + K/2 + 1) is the furthest from the subcarriers (lK + 1) and ((l + 1)K + 1) with feedback of the beamforming vectors. Using this fact, (6) can be approximated to maximize the effective channel gain of the subcarrier (lK + K/2 + 1), and then θ l is obtained by
Alternatively, θ l can be determined to maximize the sum rate of all the OFDM subcarriers, assuming that the transmit power is identically assigned to all subcarriers. In a similar approach to maximizing the minimum effective channel gain, the optimal phase maximizing the sum rate is determined by
and the optimal solution is obtained by using the grid search as follows.
(9) Using the fact that the subcarrier (lK +K/2+1) has the worst average effective channel gain, (9) can be approximated by
By the concavity of log function, this equation is equivalent to (7) . After the approximation, θ l depends only on the subcarrier (lK + K/2 + 1) so that maximizing capacity becomes equivalent to maximizing the minimum effective channel gain.
C. Quantization of the Beamforming Vectors
To accommodate the limited bandwidth of the feedback channel, we propose to quantize the transmit beamforming vectors using the codebooks designed for narrowband MIMO systems [14] - [16] . These codebooks are specially designed to take into account the phase invariance of the optimal beamforming vector. Given H(k), the quantized beamforming vectors are determined by selecting the element of the codebook that maximizes the effective channel gain as follows. . The transmitter reconstructs the beamforming vectors corresponding to all the OFDM subcarriers through interpolation of the quantized beamforming vectors {w(lK + 1), 0 ≤ l ≤ N/K − 1} with the help of the phase coefficients.
As an aside, instead of separately quantizing w((l+1)K+1) and θ l , the whole vector θ l w((l + 1)K + 1) can be quantized by spherical quantization based on the Euclidean distance [23] , [24] . This approach, however, requires almost the same feedback information as the separate quantization, yet makes it more complicated to determine θ l . Therefore, we find it natural to consider only the separate quantization of w((l + 1)K + 1) and θ l . 
IV. SIMULATION RESULTS
Through computer simulations, we compare the proposed beamforming scheme with antenna selection diversity [7] , the theoretical bound of orthogonal space-time block codes (OSTBC) 2 [2] , and the simple clustering method. In the simulation, we consider a MIMO-OFDM system with parameters: M t = 4, M r = 2, N = 64, K = 8. We assumed that the discrete-time channel impulse responses had 6 taps with uniform profile and i.i.d. complex Gaussian distribution; the channels between different transmit and receiver antenna pairs were independent; n(k) was i.i.d. complex Gaussian with zero mean; the feedback channel had no delay and no transmission error; the receiver used MRC with perfect channel knowledge; quadrature phase shift keying (QPSK) modulation was used for BER simulations; θ l for the proposed scheme was obtained by the grid search in (7) . Every point of the simulation results was obtained by averaging over more than 5000 independent realizations of channel and noise.
To quantize the beamforming vectors, a codebook was designed according to equation (22) in [15] . We used the codebook with |W| = 64 that requires 6 bits of feedback for each beamforming vector. θ l was uniformly quantized by the grid search with P = 4 which requires 2 bits of feedback. Consequently, we used 64 (=8N/K) feedback bits per OFDM symbol for the proposed beamforming method. In selection diversity, the transmit antenna with maximum channel gain was selected independently for each subcarrier, so 128 (= 2N ) feedback bits per OFDM symbol were used. We used 48 (=6N/K) feedback bits per symbol for the clustering approach, and 384 (= 6N ) feedback bits for the ideal beamforming which conveys the indices of all beamforming vectors. Fig. 2 shows the average BER performance of various diversity techniques. The proposed method outperformed clustering and the theoretical lower bound of OSTBC. The proposed interpolator was designed to maximize the minimum effective channel gain, however this criterion does not guarantee the full diversity order. Thus, the proposed technique exhibited slight loss in diversity order compared to the ideal beamforming. Selection diversity achieves full diversity order but has some array gain loss. For this reason, the proposed method performed better than selection diversity in low E b /N 0 region, and the BER curves crossed at about E b /N 0 = 8 dB as the performance gap decreased with E b /N 0 . Note that the proposed scheme requires only 64 feedback bits per OFDM symbol, which is a half of the feedback for selection diversity. Fig. 3 compares the average channel capacity. In the figure, the proposed method outperformed clustering, selection diversity, and the theoretical upper bound of OSTBC. In addition, the proposed scheme performed very close to the ideal beamforming and the SNR loss was less than 0.2 dB.
Overall, these results demonstrate that the proposed beamforming scheme is advantageous over existing diversity techniques in practical systems.
V. CONCLUSION
To reduce the feedback information for a closed-loop MIMO-OFDM system, a new transmit beamforming scheme with limited feedback and beamformer interpolation was proposed. The proposed scheme can be optimized by adjusting the phase parameters for the proposed spherical interpolator in terms of BER or capacity. Through computer simulations, it was shown that the proposed beamformer has considerable benefits compared to existing diversity techniques.
For the beamformer interpolation, we only considered the spherical linear interpolator. In fact, it is apparent that higher order interpolation can decrease the distortion of the beamforming vectors. However, this makes it more complicated to determine θ l , thus requires a practical method for finding the optimal phases {θ l } with reasonable complexity.
